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Abstract: 
 
Representing objects as the vectors of a linear vector space improves our understanding of the relations 
between the objects or helps us to manipulate the objects. If a linear vector space is accompanied by an 
inner product and is complete than it is called a Hilbert space. The Hilbert space structure is even more 
powerful than the linear vector space structure, since, the geometric concepts, such as distance, angle, 
and projections, become available with the Hilbert space. 
 
A very frequently used mathematical object in the information and communication theories is the 
probability mass function (PMF), which describes the probabilities of the outcomes from a discrete 
event space. Although the PMFs are encountered very commonly, a Hilbert space representation for 
them is missing. In this talk, the Hilbert space structure over the set of PMFs will be presented together 
with some applications. 
 
The first application of the Hilbert space of PMFs to be presented is an Euclidean geometric 
representation for the detection problem. The well known signal space representation is an Euclidean 
geometric representation for the detection problem, but, this representation is only applicable to the 
additive white Gaussian noise channels. The proposed representation is applicable to almost all of the 
detection problems. 
 
The second application is an analysis method of the multivariate PMFs. The aim of this analysis 
method is determining the graphical models such as the factor graph and the Markov random field 
representing the multi-variate PMF. The resulting factor graph is the most sparse possible factor graph. 
Moreover, the resulting factor graph is such in a special form that it can be transformed into a Tanner 
graph by using some auxiliary variables. This means that any marginalization problem can be 
expressed as a soft decoding problem of a linear code as long as the alphabet size is appropriate. 


